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Electrodynamics Homework 5 — Ben Levy

#2 Jackson Problem 5.11a ...

T WY £

We begin by constructing the rotation matrix. | looked up how to do the rotations by angles ¢ and 6;.
Note that throughout the notebook, | will use 6 and ¢ to mean ¢, and 6o, while 8p and ¢p will corre- _,
spond to & and ¢'. (p for prime). We get to the desired point by making a rotation of ¢ around the y<
axis (per my picture), and then a rotation of 8y about the z-axis. The corresponding rotation matrices are
rth and rphi (R(60) and R(¢)). 7

mzegi= rth = {{Cos[@], 0, -Sin[6]}, {0, 1, 0}, {Sin[6], O, Cos[E]}};
mpsey= rphi = {{Cos[¢], Sin[¢], O}, {-Sin[¢], Cos[¢], O}, {0, O, 1}};

rth // MatrixForm
rphi // MatrixForm

(‘j(;S [d)} Sln[(b} 0
-Sin[¢] Cos[¢] 0 ]
0 0 '

The total rotation matrix then can be found using matrix multiplication. We get the following rotation
matrix. It will prove extremely useful.

nsais rot = rth.rphi;
rot // MatrixForm
I st o
Cos[©] Cos[¢] Cos[O] Sin[¢p] -Sin[6]
-Sin[¢] Cos [¢] 0
Cos[¢] Sin[6] Sin[6] Sin[¢] Cos[O]

Now that I've set up the machinery, My approach is to work entirely in my primed frame (as explained in
the written portion), and then transform back at the end. Thus, | must transform the B-field to primed
coordinates. The following is a matrix of the components of B in the unprimed frame:

mizssi« B = {BO (1+By),BO (1+Bx), 0};
B // MatrixForm
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2 | Homework5.nb

Now Bp is B' = Bx' + By’ + Bz'. | got it by applying the rotation matrix. Here is a matrix of the elements.

nesTis Bp = rot.Bj;
Bp // MatrixForm

SEAMaticForms
BO (1+yf3) Cos[6O] Cos[¢] +BO
BO (1+xf) Cos[¢] -BO (1+yfB) Sin[¢]
BO (1+ypB) Cos[¢] Sin[O] + BO

Next we notice that these expressions still contain unprimed coordinates x and y. We can quickly fix this
by writing x and y in terms of x’and y' This is done by using the rotation matrix again. As explained in
the written portion, we require the transpose of the rotation matrix since we are going from unprimed to
primed this time. Note gp are the primed coordinates, and q are the unprimed coordinates.

- gp = {xp, yp, 0};
q = Transpose[rot].qgp;
q // MatrixForm

it
QriYiae

. xp Cos [@] Cos[¢] -yp Sin[¢]
yp Cos[¢] + xp Cos [6] Sin[¢]
-Xp Sin (6]

Noting that y' = aSin[¢'] and x’ = a Cos[¢’], we can now plug the coordinates from Equation 3 into
Equation 2. Note that ¢p and Bp are the primed angles (i.e. the source coordinates we need to integrate
out). These are the complete expressions for the Magnetic field in the Primed coordinates.

- Bpx = (Bp[[1]] /. {x- q[[1]], y~>q[[2]]} /. {xp->axCos[¢p], yp » axSin[¢p]}) //
FullSimplify

Bpy = (Bp[[2]] /. {x> q[[1]1], y~>q[[2]]1} /. {xp>axCos[¢p], yp > axSin[¢p]l}) //
FullSimplify

Bpz = (Bp[[3]1]1 /. {x- q[[1]1], y~>a[[2]]} /. {xp->axCos[ép], yp~> axSin[¢p]}) //
FullSimplify

ouzser BO Cos[6] (Cos[¢] +Sin[¢] +a B (Cos[O] Cos[¢p] Sin[2 ¢] +Cos[2 ¢] Sin[¢p]))

Cuizsa= BO (Cos[qb} +a3Cos (6] Cos[2 ¢] Cos[¢p] -Sin[p] (1+2aBCos[¢] Sin(¢p]))

omeed= BO Sin (O] (Cos([¢] +Sin[¢] +a B (Cos (6] Cos[dp] Sin[2 ¢] +Cos[2 ¢] Sin[¢p]))
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From equation 1, we get the following expressions for the primed components of the force. Here we
integrate out the primed coordinates.

2 7
. Fxp=Iixa *f Cos[¢p] *Bpz d¢p // FullSimplify
0

2 7
Fyp=Iixa *j Sin[¢p] *» Bpz d¢p // FullSimplify
0

2
Fzp = -Iixa *j (sin[¢p] Bpy + Cos [¢p] Bpx) d¢p // FullSimplify
0
. a’?B0IinfBCos[6] Sin[6] Sin[2 ¢]

. a?B0TIinfBCos[2¢] Sin[O]

. a’?B0IinBSin[6]%8in[2 ¢]

The Final step is to translate the forces F,', F,'and F,' out of the primed coordinate system. We can do

this with the transpose rotation matrix. | will create a vector of primed forces (Fp), and then apply trans-
pose(rot) to it to get Fy, F,andF,, arranged in a vector F.

i= Fp = {Fxp, Fyp, Fzp};
F = Transpose[rot].Fp // MatrixForm // FullSimplify

| a:z ]éO IinnBSin[6] Sin[¢]
a’?B0 IinfBCos[¢] Sin[O]

oA
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